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Preface 
Roughly 1.6 billion people, 40 percent of the world's popu- 
lation, live in urban areas today. At the beginning of the last 
century, the urban ponulation of the world totaled only 2 5  
million. According to recent United Nations estimates, about 
3.1 billion people, twice today's urban population, will be 
living in urban areas by the year 2000.  
Rapid rates of urban demographic and economic growth increase 
the difficulties of providing a population with adequate supplies 
of food, energy,em~loyment, social services and infrastructure. 
The investment needed just to maintain present standards in many 
rapidly urbanizing countries calls for a doubling or tripling of 
institutional plant within the next 25  years. 
Scholars and policy-makers often disagree when it comes to 
evzluating the desirability of current rapid rates of urban growth 
in many parts of the globe. Some see this trend as fostering na- 
tional processes of socioeconomic development, ~articularlv in 
the poorer and rapidly urbanizing countries of the Third World; 
whereas others believe the consequences to be largely undesirable 
and argue that such urban growth should be slowed down. 
Professor Nathan Keyfitz of Harvard University spent the 
inonth of May this year collaborating with HSS scholars in their 
research on migration, urbanization and development. During his 
stay, he formulated a model of the urbanization process that 
stimulated a number of us. In particular, Jaceues Ledent re- 
sponded by writing a series of three papers dealing with exten- 
sions of the Keyfitz model. This paper, the first of the series, 
focuses on the dynamics of Keyfitz's model and contrasts them 
with those of an alternative formulation, in which gross migra- 
tion flows out of both rural and urban regions are explicitly 
considered. 
A list of related papers in the Populati,on, Resources and 
Growth Series appears at the end of this publication. 
Andrei Rogers 
Chairman 
Human Settlements 
and Services Area 
November 1978 

A b s t r a c t  
T h i s  p a p e r  i s  t h e  f i r s t  o f  a  s e r i e s  o f  t h r e e  which a t t e m p t  
t o  shed some l i g h t  on t h e  u r b a n i z a t i o n  phenomenon, u s i n g  two a l -  
t e r n a t i v e  models of  r u r a l - u r b a n  p o p u l a t i o n  growth.  One i s  a  
model r e c e n t l y  proposed by K e y f i t z  (1978) i n  which m i g r a t i o n  i s  
viewed a s  a  n e t  f low o u t  o f  t h e  r u r a l  r e g i o n ;  t h e  o t h e r  is  a  con- 
t i n u o u s  two-region v e r s i o n  o f  t h e  model o f  p o p u l a t i o n  growth and 
d i s t r i b u t i o n  developed by Rogers ( 1 9 6 8 ) )  i n  which t h e  g r o s s  m i -  
g r a t i o n  f l o w s  o u t  o f  b o t h  r u r a l  and urban r e g i o n s  a r e  e x p l i c i t y  
c o n s i d e r e d .  
T h i s  f i r s t  paper  examines and compares t h e  dynamics o f  t h e s e  
a l t e r n a t i v e  models on t h e  b a s i s  o f  c o n s t a n t  r a t e s  o f  n a t u r a l  i n -  
c r e a s e  and m i g r a t i o n .  I t  d e m o n s t r a t e s  t h e  s i m p l i c i t y  of  t h e i r  
p r o p e r t i e s ,  e s p e c i a l l y  i n  t h e  c a s e  of t h e  second model which a l s o  
a p p e a r s  more r e a l i s t i c  due t o  i t s  symmetr ica l  t r e a t m e n t  o f  t h e  
r u r a l  and urban r e g i o n s .  I n  a d d i t i o n ,  it s u g g e s t s  t h e  a b i l i t y  of  
b o t h  models t o  g i v e  some i n s i g h t s  i n t o  t h e  r e l a t i v e  r a t e s  of  n a t -  
u r a l  i n c r e a s e  and i n m i g r a t i o n  I n  a c c o u n t i n g  f o r  urban p o p u l a t i o n  
growth.  
T h i s  p o t e n t i a l  w i l l  be made e v i d e n t  i n  t h e  n e x t  two p a p e r s  
o f  t h i s  series, i n  which t h e  f a c t o r s  o f  u rban  p o p u l a t i o n  growth 
w i l l  be examined under  a  regime o f  c o n s t a n t  r a t e s  o f  n a t u r a l  i n -  
c r e a s e  and m i g r a t i o n  (second p a p e r )  a s  w e l l  a s  under  a  regime o f  
v a r y i n g  r a t e s  ( t h i r d  p a p e r ) .  

Table of Contents 
I. ANALYSIS OF THE KEYFITZ MODEL 3 
Specification and Solution of the !?ode1 3 
Relative Growth of the Urban and Rural Populations 6 
The Sources of Population Growth in the Urban Region 8 
Evolution of the Rural and Urban Po~ulations 10 
Use of the Model as a Model of Urbanization 15 
Numerical Illustration: Application to USSR and India 18 
II. ANALYSIS OF TYE ROGERS TyilQ-zGION b!QDEL 20 
Specification and General Solution of the Model 20 
The Solution of the Model in Terms of the Eigenvalues 23 
Long-term Behavior of the Model 28 
Relative Growth of the Urban and Sural Populations 28 
The Sources of Population Growth in the Urban Region 33 
Evolution of the Rural and Urban Populations 36 
Use of the Model as a Model of Urbanization 4 1 
Numerical Illustration: Application to USSR and India 43 
CONCLUSION 47 
References 5 1 
Appendix: A 59IEF NOTE OY THE.DI'qCRETE COUNTERPAqTS OF 
THE TVO MODELS 52 
- vii - 

The Dynamics o f  Two Demographic Mode1.s o f  U r b a n i z a t i o n  
I N T R O D U C T I O N  
I n  o r d e r  t o  shed  some l i g h t  on t h e  r e l a t i v e  r o l e s  o f  n a t u r -  
a l  i n c r e a s e  and  m i g r a t i o n  i n  t h e  growth o f  c i t i e s ,  K e y f i t z  (1978)  
proposed  a  c o n t i n u o u s  model i n  which he  viewed m i g r a t i o n  between 
t h e  r u r a l  and u rban  r e g i o n s  a s  a  n e t  f l o w  o u t  of  t h e  r u r a l  r e g i o n .  
T h i s  model a l lowed  K e y f i t z  t o  a d d r e s s  t h e  problem of t h e  s o u r c e s  
o f  urban  p o p u l a t i o n  g rowth ,  which he examined i n  t h e  c a s e  of  con- 
s t a n t  p a r a m e t e r s .  
To be s u r e ,  h i s  a s sumpt ion  of  c o n s t a n t  r a t e s  of  n a t u r a l  i n -  
c r e a s e  ( i n  b o t h  r u r a l  and u r b a n  r e g i o n s )  and o f  a  c o n s t a n t  r u r a l  
n e t  o u t m i g r a t i o n  r a t e  i s  a  v e r y  h a r s h  one.  However, no m a t t e r  
how c r u d e  such  an assumpti.on might  b e ,  it h a s  i t s  r a i s o n  d l $ t . r e  
a s  it answers  a  q u e s t i o n  of  g e n e r a l  i n t e r e s t  i n  m a t h e m a t i c a l  dem- 
ography:  what  would happen i f  r a t e s  remained  c o n s t a n t ?  
K e y f i t z  f o c u s e d  on t h e  r e l a t i v e  e v o l u t i o n  o f  t h e  two s o u r c e s  
of  u rban  g r o w t h - - n a t u r a l  i n c r e a s e  and n e t  inmigration--ever a  p e r -  
i o d  o f  t i m e .  But ,  by d a t i n g  t h e  t i m e  a t  which n a t u r a l  i n c r e a s e  
beg;-ns t o  exceed  i n m i g r a t i o n ,  t h e  r e l e v a n c e  o f  t h l s  model t o  the 
u r b a n i z a t i o n  phenomenon h a s  been somewhat n e g l e c t e d .  W e  w i l l  show 
t h a t  a p a r t i c u l a r  weakness  o f  t h e  K e y f i t z  model i s  i t s  c o n s i d e r z -  
t i o n  of  m i g r a t i o n  a s  a  n e t  f l o w  from t h e  r u r a l  t o  the urban  r e g i o n  
and t h e  problems t h i s  may c r e a t e  when examining t h e  long- te rm evo-- 
l u t i o n  of  a  r u r a l - u r b a n  p o p u l a t i o n  sys tem.  
Thus ,  an o b v i o u s  a l t e r n a t i v e  t o  t h e  u s e  o f  t h i s  model ,  i s  
t h e  a p p l i c a t i o n  of t h e  i n t e r r e g i o n a l  components-of-chanqe model 
deve loped  by Rogers  ( 1 9 6 8 ) .  We w i l l  show t h a t  such  a  model ,  which 
a l l o w s  t h e  e x p l i c i t  c o n s i d e r a t i o n  of m i g r a t i o n  f l o w s  o u t  o f  b o t h  
r u r a l  and urban  r e g i o n s ,  h a s  s i m p l e r  and  more r e a l i s t i c  p r o p e r t i e s  
t h a n  Keyf i t z  ' s model. 
I n  b r i e f ,  t h e  p u r p o s e  o f  t h i s  p a p e r  is  t o  examine and  compare 
t h e  dynamics o f  t h e  two a l t e r n a t i v e  models i n  view o f  a  r e c o n s i d -  
e r a t i o n  of  t h e  problem o r i g i n a l l y  a d d r e s s e d  by K e y f i t z ,  which w e  
w i l l  c a r r y  o u t  i n  two  s u b s e q u e n t  p a p e r s :  t h e  o n e  w i l l  d e a l  w i t h  
t h e  c a s e  o f  c o n s t a n t  r a t e s  and  t h e  o t h e r  w i t h  t h e  c a s e  o f  v a r y -  
i n g  r a t e s .  
The p r e s e n t  p a p e r  c o n s i s t s  o f  two p a r t s .  P a r t  One p r e s e n t s  
t h e  dynamics  o f  K e y f i t z ' s  model and P a r t  Two t h o s e  o f  t h e  Rogers  
model.  I n  b o t h  c a s e s ,  i n d i c a t i o n s  o f  t h e  c i r c u m s t a n c e s  i n  which 
t h e  model c a n  b e  u s e d  a s  a  model o f  u r b a n i z a t i o n  a r e  g i v e n ,  and 
a n  i l l u s t r a t i o n  i n v o l v i n g  i t s  a p p l i c a t i o n  t o  t w o  p o l a r  s i t u a t i o n s  
( U S S R  and  I n d i a )  i s  a l s o  shown. 
I .  ANALYSIS OF KEYFITZ'S MODEL 
B a s i c a l l y ,  K e y f i t z  (1978)  c o n s i d e r s  a  p o p u l a t i o n  s y s t e m  d i -  
v i d e d  i n t o  two r e g i o n s ,  u r b a n  and r u r a l ,  which e x h i b i t  c o n s t a n t  
r a t e s  o f  n a t u r a l  i n c r e a s e ,  d e n o t e d  by u  and r r e s p e c t i v e l y .  I n  
a d d i t i o n ,  he  s u p p o s e s  a  n e t  o u t m i g r a t i o n  rate  f rom r u r a l  t o  u r b a n  
t a k e n  a s  a  c o n s t a n t  f r a c t i o n  m o f  t h e  r u r a l  p o p u l a t i o n  ( m  i s  sup-  
posed  s t r i c t l y  p o s i t i v e ) .  
S p e c i f i c a t i o n  a n d  S o l u t i o n  of  t h e  Model 
Then, t h e  e q u a t i o n s  d e s c r i b i n g  t h e  p o p u l a t i o n  g rowth  o f  t h e  
r u r a l  and  u rban  r e g i o n s  a r e :  
and  
i n  which Pr (t)  and  P U ( t )  a r e  t h e  p o p u l a t i o n s  a t  t i m e  t o f  t h e  
r u r a l  and u r b a n  r e g i o n s  r e s p e c t i v e l y .  
The s o l u t i o n  o f  t h i s  s y s t e m  i s  s imp ly :  
* I f  r-m-u = 0 ,  (2b )  is  t o  b e  r e p l a c e d  by: 
i l l  which S ( 0 )  i s  t h e  r a t i o  o f  t h e  u r b a n  t o  r u r a l  p o p u l a t i o n  i n  
t h e  o b s e r v a t i o n  p e r i o d  d a t e d  t = 0  and P ( 0 )  t h e  t o t a l  p o p u l a t i o n  
of t h e  s y s t e m  i n  t h a t  p e r i o d  [= Pr ( 0 )  + P U ( 0 ) ] .  
The f i r s t  q u e s t i o n  t h a t  t h e  a v a i l a b i l i t y  o f  t h i s  s o l u t i o n  
r a i s e s  i s  t h e  o n e  o f  knowing when P r ( t )  a n d  P U ( t )  t a k e  on p o s i -  
t i v e  v a l u e s  o v e r  t h e  t i m e  cont inuum I - m ,  + m [ .  
Formula ( 2 a )  c l e a r l y  shows t h a t  Pr ( t )  i s  p o s i t i v e  f o r  any  
v a l u e  o f  t whereas  fo rmula  ( 2 b )  i n d i c a t e s  t h a t  P U ( t )  c a n  b e  neg- 
a t i v e  under  c e r t a i n  c o n d i t i o n s .  Using ( 2 b ) ,  w e  can  e x p r e s s  t h e  
c o n d i t i o n  t h a t  P U ( t )  2 0  as 
m e ( r -m)  
- [m - s ( 0 1  (r-m-u)] eut 2 0  
r-m-u 
r-m-u On m u l t i p l y i n g  b o t h  s i d e s  o f  ( 3 ) ,  by ut , t h e  above condi -  
m e  
t i o n  becomes 
(r-rn-u) t r-m-u 
e 2 1 -  m s ( 0 )  
( r - m - u ) t  < , - r-m-u 
e - m S ( 0 )  
Consequen t ly  : 
i f  r-m-u > 0  
i f  r-m-u < 0  
r-m-u 
a) i f  1 - m S ( 0 )  I 0 ,  a n  i n e q u a l i t y  which r e q u i r e s  
r-m-u > 0 ,  ( 4 a )  a lways  h o l d s .  
r-m-u b)  i f  1 - --- 
m 
S (0)  > O 1  both  (4a)  and (4b)  reduce t o  
t h e  same c o n d i t i o n  
where tD i s  n e c e s s a r i l y  n e g a t i v e .  
TO summarize, 
a )  i f r 2 u + m  ( O )  P u ( t )  can v a r y  ove r  t h e  whole s (0 )  
t i m e  continuum. 
1+S ( 0 )  b) i f  r < u + m S ( 0 )  PU ( t)  can o n l y  v a r y  f o r  
The knowledge o f  t h e  s o l i t i o n  (2a)  - (2b) and of  t h e  t i m e  
i n t e r v a l  on which it i s  def.ined permi t s  one t o  s t udy  the dynam- 
ics of t h e  model ( l a )  - ( l b )  . The a n a l y s i s  i s  s t a r t e d  w i t h  a 
focus  on t h e  e v o l u t i o n  of  t h e  r e l a t i v e  s i z e s  o f  t h e  urban and 
r u r a l  popu la t i ons .  
K e l a t i v c  Growth o f  t h e  Urban and  R u r a l  P o p u l a t i o n s  
L e t  S ( t )  b e  t h e  r a t i o  o f  t h e  u r b a n  t o  r u r a l  p o p u l a t i o n s .  
An a r l a l y t i c a l  e x p r e s s i o n  can  b e  o b t a i n e d  by d i v i d i n g  ( 2 b )  by 
( 2 a )  : 
m 
S ( t )  = - r - m - u  S(O) - r-m-u )e(l-,.+m-r)t 
D i f f e r e n t i a t i n g  ( 6 )  w i t h  r e s p e c t  t o  t i m e  l e a d s  t o :  
I t  i s  o b v i o u s  t h a t :  
a )  i f r < u + m  l + s ( o )  dS ( t )  i s  p o s i t i v e .  s i n c e  i n  
s ( 0 )  d t  
t h i s  c a s e  P U ( t )  i s  d e f i n e d  f o r  t t tD, it f o l l o w s  
t h a t  S ( t )  m o n o t o n i c a l l y  i n c r e a s e s  f rom z e r o  ( f o r  t=t ) 
D 
t o  + ( i f  r < u  + m )  o r  m 
r-m-u 
( i f  r > u  + m )  a s  
t - ,  + a .  
b )  i f r > u + m  l + S ( o )  dS ( t )  i s  n e g a t i v e .  S i n c e  i n  S ( 0 )  d t  
t h i s  case P U ( t )  i s  d e f i n e d  o v e r  t h e  whole t i m e  c o n t i n u -  
um, S  ( t)  m o n o t o n i c a l l y  d e c r e a s e s  f rom + m ( f o r  t + - m )  
t o  m 
r-m-u 
( f o r  t + + m )  
* I f  r--IF-u = 0 ,  S ( t )  i s  c a l c u l a t e d  by d i v i d i n g  ( 2 b ' )  by ( 2 a )  and  
w e  ~ b t a i n :  
c )  i f r = u + m  l+S ( 0 )  --.- d s ( t )  i s  e q u a l  t o  z e r o  and S ( t )  sTo) ' d t  
r ema ins  c o n s t a n t  o v e r  t h e  whole t i m e  cont inuum. 
A l t e r n a t i v e l y ,  w e  can  look  a t  t h e  f u n c t i o n  a ( t )  e x p r e s s i n g  
t h e  p a r t  o f  t h e  p o p u l a t i o n  which i s  urban .  I t  is o b v i o u s  t h a t :  
D i f f e r e n t i a t i n g  ( 8 )  w i t h  r e s p e c t  t o  t i m e ,  l e a d s  t o :  
d c l ( t )  and - a  r e l a t i o n  which s a y s  t h a t  d s ( t )  have  t h e  same s i g n ,  d t  
i . e . ,  t h a t  t h e  f u n c t i o n s  a  ( t)  and  S  (t)  v a r y  i n  t h e  same manner. 
a )  i f r < u + m  S  ( 0 )  ( O )  , a  ( t )  m o n o t o n i c a l l y  i n c r e a s e s  
f rom z e r o  ( f o r  t = t ) t o  1  ( i f  r < u  + m )  o r  D 
- ( i f r > u + m ) a s t + + m .  
r -u  
I cS  ( O )  
, a  (t)  m o n o t o n i c a l l y  d e c r e a s e s  b)  i f  r > u  + m S ( 0 )  
m f rom 1  ( f o r t + -  m )  t o  - ( f o r  t + + m ) .  
r - u  
c )  i f r = u + m  l + s ( o )  s ( 0 )  , a t  remains  c o n s t a n t  (= , ~ :~~ , )  
The Sources  o f  P o p u l a t i o n  Growth i n  t h e  Urban Region 
The n e t  i n m i g r a t i o n  r a t e  o f  t h e  urban r e g i o n  i s  s imply  ob- 
t a i n e d  by remarking t h a t  t h e  f low o u t  o f  t h e  r u r a l  r e g i o n  i s  
e q u a l  t o  t h e  f low i n t o  t h e  urban r e g i o n :  
I t  f o l l o w s  t h a t  t h e  v a r i a t i o n s  o f  m u ( t )  a r e  i n v e r s e l y  p r o p o r t i o n -  
a l  t o  t h o s e  o f  S ( t ) ,  i . e . ,  
a )  i f r < u + m  1+S ( 0 )  S  ( 0 )  , mu ( t)  monoton ica l ly  d e c r e a s e s  
from + ( f o r  t = t,,) t o  ze ro  ( i f  r < u + m)  o r  
r-m-u ( i f  r > u + m ) .  
b)  i f r > u + m  ( O )  , mu ( t )  monoton ica l ly  i n c r e a s e s  
S ( 0 )  
from z e r o  ( f o r  t + - m )  t o  r-m-u ( i f  t + + a). 
C )  i f r = u + m -  l + S ( o )  , m u ( t )  remains  c o n s t a n t  S  ( 0 )  (= 3%). 
Now, t o  de te rmine  which p a r t  o f  t h e  i n c r e a s e  o f  P u ( t )  1 s  
due t o  m i g r a t i o n  and which p a r t  t o  n a t u r a l  i n c r e a s e ,  one can ex- 
amine t h e  v a r i a t i o n s  o f  t h e  r a t i o  R ( t )  o f  n e t  i n m i g r a t i o n  t o  n a t -  
u r a l  i n c r e a s e  i n  t h e  urban r e g i o n .  Indeed,  i f  u  f 0 , 
i . e . ,  a f t e r  s u b s t i t u t i n g  (10)  f o r  m u ( t )  
m R ( t )  = - 
u s  (t)  
A l t e r n a t i v e l y ,  one  c a n  w r i t e  (12a)  a s :  
m 
S ( t )  = u R ( t )  
D i f f e r e n t i a t i n g  (12a )  y i e l d s :  
which shows t h a t  R ( t )  and S  (t) v a r y  i n  t h e  same d i r e c t i o n  i f  
u  < 0  and i n  o p p o s i t e  d i r e c t i o n s  i f  u  > 0.  L e t  u s  f i r s t  suppose  
t h a t  t h e  u rban  r a t e  o f  n a t u r a l  i n c r e a s e  i s  p o s i t i v e ;  t h e n :  
a )  i f r < u + m  ( O )  , R ( t )  m o n o t o n i c a l l y  d e c r e a s e s  
s ( 0 )  
from + a, ( f o r  t = tD) t o  z e r o  ( i f  r < u  + m)  o r  
r-m-u 
u  
( i f  r > u  + m ) . ,  
The growth  o f  t h e  urban  p o p u l a t i o n  i n i t i a l l y  p r o v i d e d  
by i n m i g r a t i o n  from t h e  r u r a l  r e g i o n  ( s i n c e  t h e  n e t  i n -  
m i g r a t i o n  r a t e  i s  i n i t i a l l y  i n f i n i t e ) ,  t e n d s  t o  be more 
and more t h e  consequence o f  n a t u r a l  i n c r e a s e  whose rel-  
a t i v e  impor tance  i n c r e a s e s  m o n o t o n i c a l l y .  
b) i f r > u + m  ( O )  , R (t)  m o n o t o n i c a l l y  i n c r e a s e s  
s ( 0 )  
r-m-u from z e r o  ( f o r  t -+ - m )  t o  ( f o r  t + + a). 
Hence, by c o n t r a s t ,  n e t  i n m i g r a t i o n  t e n d s  t o  i n c r e a s e  
i t s  s h a r e  v i s - a - v i s  n a t u r a l  i n c r e a s e  i n  a c c o u n t i n g  f o r  
u r b a n  growth .  
m c )  i f  r = u  + m ('1 , ~ ( t )  r e m a i n s  c o n s t a n t  = 
s ( 0 )  
I n  t h e  a l t e r n a t i v e  c a s e  t h a t  u  i s  n e g a t i v e ,  t h e  above con- 
c l u s i o n s ,  a c c o r d i n g  t o  t h e  r e l a t i v e  p o s i t i o n s  o f  r and  u  + m 1+S ( 0 )  
s ( 0 )  
must be exchanged.  
The v a r i a t i o n s  o f  S  (t)  , a ( t )  , m u ( t )  and R ( t )  , a c c o r d i n g  t o  
t h e  v a l u e s  t a k e n  by t h e  p a r a m e t e r s  o f  t h e  model ,  a r e  diagramrnat i -  
c a l l y  surnr~~ar ized  i n  F i g u r e  1 .  
E v o l u t i o n  of  t h e  R u r a l  and  Urban P o p u l a t i o n s  
L e t  u s  examine f i r s t  t h e  v a r i a t i o n s  o f  t h e  r u r a l  p o p u l a t i o n .  
I t  i s  c l e a r  f rom ( l a )  t h a t  
dPr (t) 
a )  i f  r < m , dt i s  n e g a t i v e  and t h u s  Pr (t)  monotoni- 
* 
tally d e c r e a s e s  t e n d i n g  toward  z e r o  a s  t + + m. 
-.- . .  . 
u r r  \ LJ 
b )  i f r > r n ,  d t  - i s  p o s i t i v e  and t h u s  Pr ( t )  rnonotoni- 
* 
tally i n c r e a s e s  t e n d i n g  toward  + a s  t -+ + m. 
* 
I f  r < u + m  l + S ( o )  , t h e  i n i t i a l  v a l u e  o f  Pr (t)  i s  Pr ( t , j  = 
s ( 0 )  
u+m-r 
s ( 0 )  
l + s  ( 0 )  w h i l e ,  i f  r 2 u  + m 
e i t h e r  d e c r e a s e s  f rom + m ( i f  r < m )  o r  i n c r e a s e s  f rom z e r o  ( i f  
- u o r b a x  u e q x n  a y q  1 0 3  
a s p a x 3 u . r  p x n 7 ~ u  0 3  u o r 7 e 1 b r u r u ! :  7 a u  3 0  o r q e x  =  ( 3 1 8  
n  
u o ~ q p ~ n d o d  u e q r n  a y q  3 0  a q p x  u o r 7 e 1 6 ~ u r u ~  7 a N  =  ( 7 )  u ~  
u e q x n  s r  y 3 r y n  u o r q e ~ n d o d  a y 7  3 0  q x e d  =  ( 7 ) ~  
u o ~ q q n d o d  T e x n x  0 2  u e q l n  3 0  o T q e 8  =  ( 7 ) s  
I  
I  
u  +  n  <  I  j r  
n - w - x  
r n + n > I j ?  
( r l )  " I "  
~ .  
( I )  s  
dPr (t)  
C )  i f r = m ,  d t  i s  e q u a l  t o  z e r o  and t h u s  Pr ( t )  re- 
mains c o n s t a n t ,  i. e . ,  
f o r  a l l  t E I -  a, + co[. 
By c o n t r a s t ,  t h e  v a r i a t i o n s  of t h e  urban p o p u l a t i o n  a r e  more 
dPU (t)  
complex t o  o b t a i n .  From ( I b )  , it f o l l o w s  t h a t  dt i s  non-nega- 
t i v e  i f  
dPU (t 
To d e t e r m i n e  t h e  s i g n  of  dt , w e  t h u s  examine t h e  v a r i a -  
t i o n s  of  u  S ( t )  + m. Two main c a s e s  can  be d i s t i n g u i s h e d  accord-  
i n g  t o  t h e  s i n g  o f  u. L e t  u s  suppose first that t h e  nr?fiiral in -  
c r e a s e  o f  t h e  urban r e g i o n  i s  non-negat ive  ( u  2 0 ) .  Then, u  S ( t )  
4- m v a r i e s  i n  t h e  same way a s  S ( t ) .  
a )  ' i f r  < u + m  ( O )  , u 8 ( t)  + m i n c r e a s e s  from an i n -  s ( 0 )  
i t i a l  p o s i t i v e  v a l u e  ( e q u a l  t o  m ) .  
b)  i f r > u + m  l + S ( o )  , u S (t)  + m d e c r e a s e s  from + m s ( 0 )  
( f o r  t + - a) t o  m ( r - m )  
r-m-u 
( f o r  t + + m ) ,  a p o s i t i v e  v a l u e .  
C )  i f r = u + m  l + S ( o )  , u  ~ ( t )  + m i s  c o n s t a n t .  
s ( 0 )  
Thus,  i f  t h e  n a t u r a l  i n c r e a s e  o f  t h e  urban  r e g i o n  i s  non-nega- 
d P u ( t )  
t i v e ,  --- d t  i s  p o s i t i v e  and t h e  p o p u l a t i o n  of  t h e  u rban  r e g i o n  i n -  
c r e a s e s .  Note t h a t  P  ( t )  o r i g i n a t e s  f rom z e r o  ( f o r  t = tD i f  
u  
f o r  t + - .. and becomes 
i n f i n i t e l y  p o s i t i v e  a s  t + + a. 
Now, l e t  u s  suppose  t h a t  t h e  n a t u r a l  i n c r e a s e  of t h e  u r b a n  
r e g i o n  i s  n e g a t i v e  ( u  < 0 ) .  Then u  S ( t )  + m v a r i e s  i n  t h e  oppo- 
s i t e  d i r e c t i o n  of S ( t ) .  Consequen t ly ,  
a )  i f  r < u  + m ,  u  S ( t )  + m d e c r e a s e s  f r o m m  ( f o r t  = tD) 
t o  - ( f o r  t + + m ) .  There  e x i s t s  a  v a l u e  tU, s o l u t i o n  
of  u  S ( t )  + m = 0 ,  such  t h a t  u  S ( t )  + m i s  p o s i t i v e  f o r  
t < tU and n e g a t i v e  f o r  t > tU. I t  i s  s i m p l e  t o  e s t a b -  
l i s t  t h a t :  
* I n  t h e  l a t t e r  c a s e ,  i f  t h e  n a t u r a l  i n c r e a s e  o f  t h e  u rban  r e g i o n  
m P ( 0 )  (s ( 0 )  - %) 
i s  z e r o ,  P  ( t )  i n c r e a s e s  f rom 1+S ( 0 )  ( f o r  t + - u  m )  . 
b )  i f r + m < r < u + m  ( O )  , u S ( t )  + m d e c r e a s e s  from 
s ( 0 )  
m ( r - m )  
m ( f o r  t = tD) t o  
r-m-u 
( f o r  t + + m)  . I t  f o l l o w s  
t h a t  i f  r > m ,  u S ( t )  + m i s  a lways  p o s i t i v e .  Whereas 
i f  r < m ,  u S ( t )  + m i s  p o s i t i v e  f o r  t < tU and n e g a t i v e  
f o r  t > tU where tU i s  a l s o  g i v e n  by ( 1 4 ) .  
c )  i f r > u + m  1+S ( 0 )  
~ ( 0 )  , U S ( t )  i n c r e a s e s  f rom - ( f o r  
t + -  r ( r - m )  
*)  r-m-u ( f o r  t + + m)  . It  f o l l o w s  t h a t  i f  
r < m ,  u S ( t )  + m i s  a lways  n e g a t i v e .  Whereas i f  r > m ,  
u S ( t )  + m i s  n e g a t i v e  f o r  t < tU and p o s i t i v e  f o r  
t > tU where tU i s  g i v e n  by ( 1 4 ) .  
Consequen t ly ,  i f  t h e  r a t e  o f  n a t u r a l  i n c r e a s e  i n  t h e  u rban  
dPu ( t )  
r e g i o n  i s  n e g a t i v e ,  t h e  s i g n  o f  d t  may change  a t  most  once  
o v e r  t n e  i n t e r v a l  on which P ( t )  i s  d e f i n e d .  Four  a l t e r n a t i v e  
u 
s i t u a t i o n s  c a n  b e  e n c o u n t e r e d :  
a )  i f u + m < r < u + m  l + s ( o )  and r > m , P U ( t )  monotoni- 
s ( 0 )  
c a l l y  i n c r e a s e s .  
b) i f r > u + m  l + S ( o )  and r < m , it  m o n o t o n i c a l l y  i n -  s ( 0 )  
c r e a s e s .  
c)  i f  r < u + m o r u + m < r < u + m  l + S ( o )  and  r < m , 
s ( 0 )  
it i n c r e a s e s  and  t h e n  d e c r e a s e s .  
d )  i f r > u + r n  l + S ( o )  and r > m , it  d e c r e a s e s  and t h e n  s ( 0 )  
* 
i n c r e a s e s .  
The p a r t i c u l a r  c a s e s  r = u  + m l + S ( o )  and r = u  + m which s ( 0 )  
i n v o l v e  s i m p l e  e x p r e s s i o n s  o f  P  ( t )  whose v a r i a t i o n s  a r e  o b v i o u s  
u  
r e m a i n s  t o  be  s t u d i e d .  
The above d i s c u s s i o n  o f  t h e  v a r i a t i o n s  o f  P r ( t )  and P U ( t )  
a c c o r d i n g  t o  t h e  v a l u e s  o f  t h e  p a r a m e t e r s  o f  t h e  model ,  i s  d i a -  
g r a m m a t i c a l l y  summarized i n  F i g u r e  2 .  
U s e  of  t h e  Model a s  a  Model o f  U r b a n i z a t i o n  
The model d e f i n e d  by ( l a )  - ( I b )  h a s  been d e f i n e d  by K e y f i t z  
(1978)  t o  d e a l  w i t h  t h e  u r b a n i z a t i o n  phenomenon. I n  s u c h  a  con- 
t e x t ,  it i s  most l i k e l y  t h a t  b o t h  t h e  r u r a l  and  u rban  n a t u r a l  i n -  
c r e a s e  r a t e s  b e  p o s i t i v e  and t h a t  r be  less t h a n  u  + m.  Then, 
t h e  model i s  of  t h e  t h i r d  t y p e  d e f i n e d  e a r l i e r  l + s  ( 0 )  s ( 0 )  
w i t h  t h e  u rban  p o p u l a t i o n  i n c r e a s i n g  o v e r  a  t i m e  i n t e r v a l  [ t D , + "  [ .  
F i g u r e  3 i n d i c a t e s  t h e  v a r i a t i o n s  o f  t h e  main f u n c t i o n s  of 
t h e  model,  which a r e  a l l  monotonic .  The d i r e c t i o n  o f  v a r i a t i o n s  
f o r  a l l  t h e s e  f u n c t i o n s  i s  u n i q u e l y  d e f i n e d ,  e x c e p t  f o r  t h e  r u r a l  
p o p u l a t i o n  which m o n o t o n i c a l l y  i n c r e a s e s  o r  d e c r e a s e s  a c c o r d i n g  
t o  t h e  r e l a t i v e  magni tudes  o f  r and m. 
*In  t h i s  c a s e ,  t h e  l i m i t i n g  v a l u e s  o f  P U ( t )  a r e  t h e  f o l l o w i n g :  
P U ( t )  i s  i n i t i a l l y  e q u a l  t o  z e r o  f o r  t = tD ( i f  r < u  + m 1+S ( 0 )  ) s ( 0 )  
o r  i n f i n i t e l y  p o s i t i v e  f o r  t + - a ( i f  r > u  + m 1+S(O) ) # As s ( 0 )  
t + + 03, P  ( t )  t e n d s  toward  z e r o  e x c e p t  i f  u  + m < r < u  + m 
u  
IT! P ( 0 )  l + S ( o )  and r L m i n  which c a s e  P U ( t )  t e n d s  toward  - u ( l + S ( 0 ) )  
s ( 0 )  

(a) r > m P r ( t D )  + 
P, (t) (b) r = m p (0) P(0) 1+S (0) * l+s(07 
Figure 3. The Keyfitz model as a model of urbanization: the 
variations of the model's functions 
To summarize,. when the model is used as a model of urbaniz- 
ation, the system appears as one which: 
a) originates with its whole population concentrated in 
the rural region and, 
b) presents a regional distribution such that the ratio 
of urban to rural population is equal to S(O), after 
a period of time equal to -tD where tD is given by (5). 
Num er i ca l  I l l u s t r a t i o n :  A p p l i c a t i o n  t o  USSR and  I n d i a  
The a p p l i c a t i o n  o f  t h e  above  model  t o  t h e  USSR and  I n d i a  
d e m o n s t r a t e s  t h e  p o l a r  s u b c a s e s  stemming f rom t h e  two  p o s s i b l e  
d i r e c t i o n s  o f  v a r i a t i o n s  f o r  t h e  r u r a l  p o p u l a t i o n .  
The  USSR Case 
Roge r s  ( 1 9 7 6 )  r e p o r t s  t h a t  t h e  u r b a n  p o p u l a t i o n  o f  t h e  USSR 
was g r o w i n g  a t  a n  a n n u a l  r a t e  o f  a p p r o x i m a t e l y  2 .5  p e r c e n t  d u r i n g  
t h e  e a r l y  1 9 7 0 s .  T h i s  r a t e  w a s  t h e  sum o f  a  r a t e  o f  n a t u r a l  i n -  
crease o f  0 . 9  p e r c e n t  a n d  a n e t  m i g r a t i o n  r a t e  o f  1 . 6  p e r c e n t .  
A t  t h e  s a m e  t i m e ,  t h e  r u r a l  p o p u l a t i o n  w a s  d e c l i n i n g  a t  a n  a n n u a l  
r a t e  o f  1 . 1  p e r c e n t  which  w a s  t h e  sum o f  a r a t e  o f  n a t u r a l  i n -  
crease o f  1 . 0  p e r c e n t  a n d  a n e t  m i g r a t i o n  ra te  o f  -2 .1  p e r c e n t .  
Then ,  i r i  t h i s  s y s t e m ,  
u  = 0 .009  ; r = 0 .010  a n d  m = 0.021 
w h i l e  t h e  r a t i o  o f  u r b a n  t o  r u r a l  p o p u l a t i o n ,  e q u a l  t o  t h e  r a t i o  
o f  t h e  r u r a l  n e t  o u t m i g r a t i o n  r a t e  t o  t h e  u r b a n  n e t  i n m i g r a t i o n  
ra te  i s ,  
T h i s  c o r r e s p o n d s  t o  a r a t i o  ( 0 )  e q u a l  t o  0 . 5676 ,  i . e . ,  5 6 . 7 6  
p e r c e n t  o f  t h e  wh o le  p o p u l a t i o n  l i v e s  i n  u r b a n  areas.  From t h e  
a b o v e  p a r a m e t e r  v a l u e s ,  w e  e a s i l y  o b s e r v e  t h a t  r which  i s  e q u a l  
t o  0 .010  i s  smaller t h a n  u  + m which  t a k e s  on  t h e  v a l u e  o f  0 .030 .  
Then t h e  r u r a l - u r b a n  s y s t e m  o f  t h e  USSR f o l l o w s  t h e  p a t t e r n  d e s -  
c r i b e d  i n  F i g u r e  3 .  
The s y s t e m  e v o l v e s  f r o m  a n  i n i t i a l  s t a t e - - i n  which  t h e  whole  
p o p u l a t i o n  i s  c o n c e n t r a t e d  i n  t h e  r u r a l  r e g i o n - - o c c u r r i n g  (-tD) 
y e a r s  b e f o r e  t h e  o b s e r v a t i o n  p e r i o d :  
- i n  2 .25 = -40.5 y e a r s  
t~ - 0.02 
t h e  u r b a n  p o p u l a t i o n  m o n o t o n i c a l l y  i n c r e a s e s  ( w i t h  growth  r a t e  
u = 0 .9  p e r c e n t )  w h i l e  t h e  r u r a l  p o p u l a t i o n  m o n o t o n i c a l l y  d e c r e a s -  
* 
es ( w i t h  g rowth  r a t e  r - m  = -1.1 p e r c e n t )  and  e v e n t u a l l y  v a n i s h e s .  
I n  o t h e r  words ,  t h e  p o p u l a t i o n  of  t h e  s y s t e m  t e n d s  t o  become en- 
t i r e l y  u rban .  
The I n d i a n  Case  
W e  p r o v i d e  a n o t h e r  i l l u s t r a t i o n  f o r  I n d i a ,  o b s e r v e d  i n  t h e  
l a t e  s i x t i e s ,  f o r  which  d a t a  c a n  b e  found  i n  Rogers  a n d  W i l l e k e n s  
( 1 9 7 6 ) .  
u  = 0.20 ; r = 0.002 and m = 0.005 
N o t i n g  t h a t  t h e  u r b a n  n e t  i n m i g r a t i o n  r a t e  i s  0.017 ,  t h i s  
0.005 y i e l d s  a  r a t i o  S ( 0 )  e q u a l  t o  -0.017 ' i . e . ,  0.294 (which c o r r e s -  
ponds t o  a n  u r b a n  p o p u l a t i o n  a c c o u n t i n g  f o r  22.73 p e r c e n t  o f  t h e  
whole  p o p u l a t i o n ) .  
From t h e s e  p a r a m e t e r  v a l u e s ,  w e  immed ia t e ly  o b s e r v e  t h a t  r ,  
which  i s  e q u a l  t o  0 .022 ,  i s  smaller t h a n  u  + m which t a k e s  o n  t h e  
v a l u e  o f  0.025. Then, t h e  r u r a l - u r b a n  s y s t e m  o f  I n d i a  f o l l o w s  t h e  
p a t t e r n  d e s c r i b e d  i n  F i g u r e  3.  
*The s i z e  o f  t h e  o b s e r v e d  r u r a l  p o p u l a t i o n  i s  0.64 t i m e s  i t s  i n -  
i t i a l  s i z e  
!T:Iz s y s t e m  e v o l v e s  f rom a n  i n i t i a l  s t a t e - - i n  which t h e  whole  
p ~ ~ p u i a t i o n  i s  c o n c e n t r a t e d  i n  t h e  r u r a l  r e g i o n - - o c c u r r i n g  (-tD) 
-. :!ears b e f o r e  t h e  o b s e r v a t i o n  p e r i o d :  
.- - - 
I 
L~ - 0.003 I n  1.1764 = -54.2 y e a r s  
!-he r u r a l  and u rban  p o p u l a t i o n s  m o n o t o n i c a l i y  i n c r e a s e  
L" ~.t:?:c:-?,c; . . r_.awirrd + w i t h  g rowth  r a t e s  which  a r e  r e s p e c t i v e l y  
3- .- .,: * ? , 8  p e r c e n t  and u  = 2  p e r c e n t .  Bu t ,  t h e  r a t i o  S ( t )  o f  
I ? . Y I - <  - r <J r t ; r a l  p o p u l a t i o n  a l s o  m o n o t o n i c a l l y  i n c r e a s e s ,  which 
( : i > y - , - c - ~  -,<.rids t o  a  r e l a t i v e  c o n c e n t r a t i o n  o f  t h e  p o p u l a t i o n  i n  t h e  
I T .  '?l'JI';I~.!.rSIS OF THE ROGERS TWO-REGION MODEL 
- - . - - -- . . - . - - - - 
? ~ $ ;  a n  a l t e r n a t i v e  t o  t h e  a s s u m p t i o n  o f  a  c o n s t a n t  n e t  migra-  
t?..:,: :.L,::,- o u t  o f  t h e  r u r a l  r e g i o n ,  w e  can  i n t r o d u c e  a  more sym- 
~ : ! a t r l c  h y p o t h e s i s ,  e . g . ,  c o n s t a n t  g r o s s  m i g r a t i o n  r a t e s  o u t  o f  
. - 
. , . ~ -  !.. ;L < . ~ i - - ; t l  and  u r b a n  r e g i o n s  d e n o t e d  by o r  and  oU r e s p e c t i v e l y .  
,-D  ?- ,!e ; r:sl~J.ing model i s  a  two- reg ion  components-of -change model 
-. : ~.,~~..;~.,?T.s 1968)  , a p p l i e d  t o  a  r u r a l - u r b a n  p o p u l a t i o n  sys t em.  
. , 
.. 8:;,::.~- I. :; i .:zt i o n  and  G e n e r a l  S o l u t i o n  o f  t h e  Mode 1 
. . - - - - -- -. 
l , l s t e a d  o f  t h e  d i s c r e t e  s e t t i n g  p u t  f o r t h  by Roge r s ,  a  con- 
t i - , i ? a u s  s e  t t i n g - - a n a l o g o u s  t o  t h e  o n e  u n d e r l y i n g  Keyf i t z  ' s model-- 
ma1 be u s e d  t o  d e s c r i b e  t h e  p o p u l a t i o n  g rowth  o f  t h e  r u r a l  a n d  
*The  s i z e  o f  t h e  o b s e r v e d  r u r a l  p o p u l a t i o n  i s  2.51 t i m e s  i t s  i n -  
itla; s i z e :  
* 
and urban r e g i o n s .  The cor respond ing  e q u a t i o n s  a r e  r e s p e c t i v e l y :  
and 
The above e q u a t i o n s  can t h e n  be r e w r i t t e n  more compactly 
a s :  
i n  which { P ( t )  } i s  a  two-element v e c t o r  whose f i r s t  e lement  i s  
P ( t )  and whose second element  i s  P u ( t )  , 1 i s  t h e  f i r s t  
r 
d e r i v a t i v e  o f  { ~ ( t ) }  w i t h  r e s p e c t  t o  t i m e ,  and M i s  a  two by two 
- 
m a t r i x .  
*The d i s c r e t e  v e r s i o n  of  t h e  model which indeed y i e l d s  s i m i l a r  
r e s u l t s  i s  b r i e f l y  examined i n  t h e  appendix.  



































